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Abstract. We study stealth black hole perturbations in shift symmetric kinetic gravity braiding and
obtain its analogous Regge-Wheeler and Zerilli master equations for the odd and even parity sectors.
We show that the nontrivial hair of static and spherically symmetric stealth black holes contributes
only an additional source term to the even parity master equation. Furthermore, we derive exact
solutions to the monopolar and dipolar perturbations and show that they are generally pathological
non-gauge modes, or else reduce to the pure-gauge low-order multipoles of general relativity.
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1 Introduction
General relativity (GR) is undoubtedly the best scientific theory of gravity we have at present. The
observation of gravitational waves (GW) has only solidified this position, confirming GR’s prediction
that GWs propagate at the speed of light, with only little wiggle room for error [1, 2]. However, a
plethora of alternative theories of gravity are also compatible with luminally-propagating GWs and
remain worthy of further examination [3–7].
Among the many alternatives to GR, scalar-tensor theories are still regarded the most com-
pelling because of theoretical parsimony–they require only one extra field and can be elegantly de-
scribed by a small number of arbitrary potentials tunable for phenomenological purposes [8–10].
From within scalar-tensor theories, kinetic gravity braiding (KGB) [11, 12], described by a set of
second-order field equations and two free potentials, has stood out in the last two years because of
its compatibility with the existing GW speed constraint and its desirable cosmological features such
as scaling and self-tuning mechanisms [13–17]. The nonlinear scalar field self-interaction in KGB
is also characteristic of the existence of a screening mechanism [18], guaranteeing agreement with
Solar system tests, and notably two of its limits, namely, the Galileon ghost condensate [19] and
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the generalized cubic covariant Galileon [20], have recently been shown to be compatible with cos-
mological observations. But for any alternative theory to legitimately compete with GR it must be
compatible with all observational tests of gravity. In light of recent and forthcoming breakthroughs
in GW astronomy, it is therefore desirable to also look at the black holes of an alternative theory.
The strong gravity regime, epitomized by black holes, is a promising theoretical laboratory for
locking-in on observational signatures of a dark degree of freedom (d.o.f.). However, it has been
shown that special sectors of scalar-tensor theories, including KGB, can accommodate stealth black
holes that pretend to be the GR black holes except that they carry an invisible nontrivial scalar field
or “hair” at the background level [21–30]. The existence of stealth black holes potentially makes
discriminating between GR and alternative theories even more observationally challenging and thus
demands investigation at its perturbative regime. This paper is a step in this direction, as we study
stealth black hole perturbations in KGB.
Black hole perturbations in scalar-tensor theories have been studied previously using either co-
variant perturbation theory or effective field theory (EFT). In the standard perturbation theory, one
starts with a covariant theory, i.e., specified by an action or field equations, and performs a pertur-
bative expansion of the dynamical variables on the black hole background. The linear perturbations
about static and spherically symmetric black holes in scalar-tensor theories with second-order field
equations have been analyzed in this way [31–33] and have for instance led to the intriguing conclu-
sion that the scalar modes on stealth black holes are strongly coupled [29, 34]. On the other hand,
in the EFT, one analyzes the perturbations in a theory-agnostic fashion by building the most gen-
eral Lagrangian containing the desired number of d.o.f.s and satisfying the symmetries of a specified
background. Isospectrality breaking, the mixing of scalar and tensor modes, and parity violation on
static and spherically symmetric black holes have been analyzed using the EFT [35, 36]. The overlap
between the two approaches, however, remains to be examined in detail. We resort to covariant per-
turbation theory in examining the stealth black holes perturbations in KGB, as this is the natural step
starting from a covariant gravitational action (Eq. (2.1)).
The perturbations about stealth Kerr black holes have also been recently studied in degener-
ate higher-order scalar-tensor (DHOST) theories but without the braiding term [37]. The Teukolsky
equation was instead only modified by an effective source term from the scalar hair but the modes,
however, continue to be strongly coupled. In this paper, we shall develop the Regge-Wheeler formal-
ism to study the odd and even parity perturbations of nonrotating stealth black holes with a static and
spherically symmetric scalar hair and end up with a similar conclusion for its metric radiative modes.
We shall also obtain the contribution of the hair to the monopolar and dipolar modes. Interestingly,
we find the scalar perturbation to be non-dynamical in stealth black hole backgrounds.
The outline of this paper is as follows. We start with a brief overview of KGB and its obser-
vational constraints (Section 2). We obtain the linearized field equations of shift symmetric KGB
(Section 3) and, for both simplicity and concreteness, focus on perturbations on a known stealth anti-
de-Sitter black hole in a subset of KGB known as k-essence (Section 4). Afterwards, we present
the general analysis of perturbations of nonrotating stealth black holes with static and spherically
symmetric hair in KGB (Section 5). We summarize the relevant conclusions and discuss the issue
of strong coupling (Section 6). In the Appendix, we write down the full linearized field equations
in KGB (Appendix A) and the explicit form of the coefficients in static and spherically symmetric
backgrounds (Appendix B). We also discuss in detail the restrictive class of tt-only monopolar and
dipolar gauge modes (Appendix C).
Conventions. We work with the mostly plus metric signature (−,+,+,+) and geometrized
units (c = G = 1) where c is the speed of light in vacuum and G is Newton’s gravitational con-
stant. For notational simplicity, we use the same symbol for the time- and frequency-domain versions
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of an observable, e.g., q (t) ∼ q (ω) e−iωt, and warn only whenever we think the distinction must
be clear. Coordinates on the two-sphere (θ, ϕ) are denoted by uppercase latin indices A,B, · · · .
For brevity, the mode labels (l,m) of spherical harmonics are suppressed and the summation over
modes and two-sphere indices are implicit, e.g., fA (x, θ, ϕ) =
∑
lm
∑
B tlm (x) ǫ
B
A ∂BYlm (θ, ϕ) =
t (x) ǫ BA ∂BYlm (θ, ϕ). Mathematica notebooks used for this paper are available upon request.
2 Kinetic gravity braiding
Kinetic gravity braiding is described by the gravitational action [11, 12]
Sg =
∫
d4x
√−g [κR +K (φ,X)−G (φ,X)✷φ] (2.1)
where gab is the metric, R is the Ricci scalar, κ = M
2
P/2 = 1/16πG, φ is the scalar field, X =
−gab∇aφ∇bφ/2 is the scalar field’s kinetic density, andK andG are arbitrary functions that we refer
to as the k-essence and braiding potentials, respectively 1. For brevity, we write down ξa = ∇aξ,
ξa = ∇aξ, and ξab = ∇b∇aξ for any scalar function ξ, e.g., X = −gabφbφb/2. KGB is a subset
of Horndeski gravity for G2 = K , G3 = G, G4 = κ, and G5 = 0 for arbitrary functions K and G
[38–40]. Quintessence and k-essence are special cases of KGB when G is a constant [41, 42]. Shift
symmetric KGB is described by K = K (X) and G = G (X). The cubic Galileon is a special case
of shift symmetric KGB for K ∼ X and G ∼ X [43, 44] as well as the Galileon ghost condensate
for K ∼ X +X2 and G ∼ X [45, 46].
KGB belong with the few theories favored by the GW speed constraint [3–7]. However, from
an EFT perspective, GWs can propagate at different speeds depending on the frequency and so the
constraint must be carefully interpreted as valid only within the LIGO frequency band (approximately
100 Hz) [47]. An independent GW detection with an optical counterpart in the soon-to-be operational
Laser Interferrometer Space Antenna, or LISA [48], GW band (0.1 mHz - 0.1 Hz) should probe this
frequency dependence. On the other hand, the Galileon ghost condensate [19] and the generalized
cubic covariant Galileon [20] appear to be just as cosmological viable as ΛCDM even with large
data sets that have ruled out the cubic Galileon [49–52]. Interestingly, very special observational
limits of cosmologically-modified gravity have been singled out in Refs. [53–56] and KGB is one of
these possible endgames. A worthy alternative theory should of course also be compatible with Solar
system tests and therefore must keep a screening mechanism [57, 58].
For the rest of this work we shall work in the shift symmetric KGB where the particular sector
accommodating stealth black holes has been discussed in Ref. [30]. The background field equations
of shift symmetric KGB are
κGab − 1
2
gabK − 1
2
φaφbKX
+
[
1
2
φaφb✷φ− φ(aφb)cφc +
1
2
gabφ
cφdφcd
]
GX = 8πT
(M)
ab
(2.2)
and
✷φKX − φaφbφabKXX
+
[
−φa∇a✷φ− (✷φ)2 + φa✷φa + φabφab
]
GX
+ φbφab
[
φa✷φ− φdφ ad
]
GXX = 0
(2.3)
1The term “braiding" refers to the mixing of scalar (ψ) and tensor (h) modes present in the term G✷φ ∼ G∂h∂ψ +
O
(
h2, ψ2
)
in the second order action [11].
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where a subscriptX in the potentials denote differentiation with respect toX, e.g.,KXX = d
2K/dX2,
and the symmetrization rule for a tensor Tab is T(ab) = (Tab + Tba) /2. Also, T
(M)
ab is the matter’s
stress-energy tensor (SET). Eq. (2.2) can be regarded as the Einstein equation with an additional
scalar field SET given by
8πT
(φ)
ab = gab
K
2
+ φaφb
KX
2
−
[
φaφb✷φ− 2φ(aφb)cφc + gabφcφdφcd
]
GX
2
. (2.4)
On the other hand, Eq. (2.3) is the field equation for the scalar. A background solution (gab, φ) to the
scalar-tensor theory (K,G) is one in which Eqs. (2.2) and (2.3) are simultaneously satisfied.
3 Linearized perturbations in shift symmetric KGB
In this section, we present the linearized gravitational field equations of KGB, setting the stage for
the derivation of the master equation for nonrotating stealth black holes in the next sections.
Consider metric and scalar perturbations (hab, ψ), i.e.,
gab → gab + hab (3.1)
φ → φ+ ψ. (3.2)
By expanding the field equations (Eqs. (2.2) and (2.3)) about the fields (hab, ψ) up to first order we
obtain the linearized field equations of KGB given by
κδGab [hcd]− 8πδT (φ,K)ab [hcd, ψ]− 8πδT (φ,G)ab [hcd]− 8πδT (φ,G)ab [ψ] = 8πδTab [M] (3.3)
and
δS(K) [hcd, ψ] + δS
(G) [ψ] + δS(G) [hcd] = 0 (3.4)
where the functionals δGab [hcd] (Eq. (A.1)), δT
(φ,K)
ab [hcd, ψ] (Eq. (A.2)), δT
(φ,G)
ab [hcd] (Eq. (A.3)),
δT
(φ,G)
ab [ψ] (Eq. (A.4)), δS
(K) [ψ] (Eq. (A.5)), δS(G) [ψ] (Eq. (A.6)), and δS(G) [ψ] (Eq. (A.7))
are explicitly shown in Appendix A. In Eq. (3.3), δGab [hcd] is the well-known expression for the
linearized Einstein tensor and δTab [M] is the matter sector’s SET. The rest of the terms come from
the scalar field sector of the theory. Superscripts of K and G stand for the k-essence (K-dependent)
and braiding (G-dependent) terms, respectively, in the field equations. In Eqs. (3.3) and (3.4), we
further break down the G-dependent pieces into ψ- and hab-dependent terms as both expressions
combined is quite long.
Admitedly, the linearized field equations are rather unwieldy to deal with. They are nonethe-
less more tractable after specializing to stealth black holes. In particular, the generic scalar field
contribution can always be written down as
Sab = AabFX +
(
Bab + φcdφ
cCdab
)
FXX +
(
Dab + φcdφ
cEdab
)
FXXX (3.5)
where F stands for either of the potentials (K orG) and the tensors A,B,C ,D, andE are functionals
of the perturbations hab and ψ. On stealth black holes, the conditions FX = 0 and φabφ
b = 0 are
satisfied (see Eqs. (5.1) and (5.2)) and Eq. (3.5) drastically simplifies to
Sab = BabFXX +DabFXXX . (3.6)
The contributions of the scalar field to the linearized metric and scalar field equations therefore even-
tually reduce to Eqs. (5.5), (5.6), (5.7), (5.8), and (5.9). We’ll see this work out in a particular theory
(Section 4) and the general case (Section 5).
– 4 –
4 Master equations for gravitational perturbations of a hairy black hole in k-essence
Going further requires choosing a background on which the perturbations propagate. Such a hairy
black hole solution is presented in Ref. [59] and for this section we focus on describing its pertur-
bations. We start by presenting the hairy black hole (Section 4.1) and reducing the linearized field
equations down to component level (Section 4.2). In Sections 4.3 and 4.4, we decompose the pertur-
bations in spherical harmonics and present the master equation for the odd and even parity sectors.
4.1 Hairy black hole in k-essence theory
The hairy black hole described by
ds2 = −fdt2 + dr
2
f
+ r2dΩ2 (4.1)
f(r) = 1− 2M
r
+
β2r2
6κ
(4.2)
φ′2(r) = 2β2/f (4.3)
is an exact solution to k-essence with the potential
K(X) = X + 2β
√
−X (4.4)
where β, κ, and M are constants [59]. It is easy to show that this is a solution by substituting it
back into Eqs. (2.2) and (2.3). The nontrivial scalar field profile, i.e., φ′ 6= 0 outside the black hole,
represents the scalar hair. The spacetime described by this solution is obviously that of a stealth
Schwarzschild-anti de Sitter black hole and the background scalar field is nongravitating 2.
4.2 Linearized field equations
We present the component-reduced linearized field equations for the perturbations (hab, ψ) on the
hairy black hole presented in Section 4.1. We refer the reader to Appendix B for the component form
of coefficients appearing in the linearized equations.
After some work, we find that the linearized field equations on the black hole background can
be written as
κδGab −
β2hab
2
− ψcφ
cφaφb
4β2
+
hcdφ
cφdφaφb
8β2
= 8πδT
(M)
ab
(4.6)
and
ψaφ
a
✷φ− hbcφ ca φaφb + φaψbaφb + φabφaψb −
habφ
aφb✷φ
2
− φ
aφb (∇chab)φc
2
− hbcφaφbφ ca −
3ψaφ
aφbφcbφ
c
2β2
+
3hcdφ
aφbaφ
bφcφd
4β2
= 0.
(4.7)
2 The solution can be generalized by considering an electromagnetic field Fµν , i.e., consider the additional term S ∼∫
d4x
√
−gq2FµνFµν in the action. For the purely electric case, the metric function f of the k-essence given by Eq. (4.4)
becomes
f(r) = 1− 2M
r
+
2q2
r2
+
β2r2
6κ
(4.5)
while the scalar field remains as Eq. (4.3). This hairy black hole solution is appropriate for studying electrically-charged
perturbations.
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In Eq. (4.6), the terms coming after κδGab correspond to δT
(φ,K)
ab [hcd, ψ], the scalar fields’ SET.
Also, in Eq. (4.7), we have cancelled out an overall factor 1/2β2. A noteworthy observation is that
the scalar perturbation ψ satisfies a nondynamical equation, i.e., there are no time derivatives in Eq.
(4.7). The absence of all terms with ∂tψ is a consequence of KX = 0 and also of contractions with
the static and spherically symmetric vector φa. Supporting the claim that the scalar field perturbation,
ψ, is nondynamical, it can be shown that the effective metric of the scalar modes is nonhyperbolic.
This implies that the scalar field does not propagate and that its sound speed is infinite [31, 32]. The
scalar modes therefore react instantaneously to its source hab and must be nonradiative. It should
also be stressed out that from an EFT standpoint a singular effective metric for modes signifies strong
coupling and a breakdown of perturbation theory. A potential solution to this for the scalar modes of
stealth solutions is described by Ref. [60].
By explicitly computing all contractions, we further end up with the linearized Einstein equation
κδGab − β
2
2
hab − φ
′
2
(∂rψ) δ
r
a δ
r
b +
β2
2
hrrδ
r
a δ
r
b = 8πT
(M)
ab (4.8)
and the linearized scalar field equation
∂2rψ + ∂r ln
(
φ′−2r2
)
∂rψ = β
2hrr
φ′
∂r ln
(
r2φ′−3hrr
)
. (4.9)
Eq. (4.9) is a linear, first-order, differential equation for the radial gradient, ∂rψ, with the exact
solution
∂rψ = β
2
[
hrr (t, r, θ, ϕ)
φ′ (r)
+ I(t, θ, ϕ)
φ′2
r2
]
. (4.10)
where I is an integration constant in the coordinate r. This is the black hole’s scalar hair in a surpris-
ingly bold form. We can bring this back to the linearized Einstein equation (Eq. (4.8)) and obtain
κδG
(1)
ab −
β2
2
hab +
β2
2
I (t, θ, ϕ)
φ′3 (r)
r2
δraδ
r
b = 8πδT
(M)
ab . (4.11)
Eq. (4.11) shows that the hair of the black hole modifies only the rr-component of linearized field
equation for the metric.
For what it’s worth, we discuss the scaling properties of ∂rψ (Eq. (4.10)) at infinity and the
event horizon. To do so, we express the black hole’s hair as
∂rψ = β
√
f (r)
2
hrr (t, r, θ, ϕ) +
2β4
r2f (r)
I(t, θ, ϕ). (4.12)
The natural boundary condition at the event horizon is causal, i.e., no radiation exiting from the black
hole’s interior. This imposes hrr ∼ e−iω(t+r∗) where r∗ is the tortoise coordinate (Eq. (4.16)).
At the horizon, where f (r) vanishes, the first term of Eq. (4.12) then vanishes while the second
term blows. On the other hand, at spatial infinity, we expect reflecting boundary conditions as the
black hole is asymptotically AdS. Thus, we see that the first term of Eq. (4.12) vanishes (provided
that
√
fhrr → 0) while the second term vanishes. This begs the question “What are the physical
implications of a diverging hair?” Obviously, we can cure the scalar hair’s divergence at the horizon
by simply choosing the integration constant I (t, θ, ϕ) = 0. In what follows, we shall keep I (t, θ, ϕ)
to see what it contributes to the master equation for perturbations.
– 6 –
4.3 Odd parity perturbations
Eq. (4.11) shows that the scalar hair does not modify the odd parity sector of the gravitational spec-
trum. The calculation of the master equation in the odd parity sector therefore proceeds exactly as in
GR with a cosmological constant and ends up with the Regge-Wheeler equation. A lot of material is
available on this (see, for example, Refs. [61–65]). For completeness, we present the Regge-Wheeler
equation for the radiative modes (l ≥ 2) in frequency-domain:
− ∂2r∗Ψodd +
(
Vodd(r)− ω2
)
Ψodd = sodd (4.13)
where the source term and effective potential are
sodd = −8πf
κr3
[
2r2ft1 + 2 (3M − r) t2 + r2∂r∗t2
]
(4.14)
and
Vodd =
f
r3
(l (l + 1) r − 6M) , (4.15)
respectively. The tortoise coordinate r∗ is defined, in the usual way, by
dr∗
dr
= 1/f(r), (4.16)
and the nontrivial matter components are decomposed as
TtA = t0(r)ǫ
B
A ∂BYlm(θ, ϕ)e
−iωt (4.17)
TrA = t1(r)ǫ
B
A ∂BYlm(θ, ϕ)e
−iωt (4.18)
TAB = t2(r)ǫ
C
(A ∇B)∇CYlm(θ, ϕ)e−iωt (4.19)
where ǫ 22 = ǫ
3
3 = 0, ǫ
3
2 = −1/ sin θ, and ǫ 23 = sin θ.
For the odd parity dipole mode (l = 1) 3, the odd parity tensor harmonic, ǫ C(A ∇B)∇CYlm(θ, ϕ),
vanishes and so the available gauge degree of freedom can be used to reduce the number of indepen-
dent components to just one. This can be easily solved exactly (as in Ref. [62]). For concreteness,
it can be shown that the odd parity dipole component modifies the tϕ-component of the metric as
δgtϕ = −2J sin2 θ/r where J is an integration constant. This modification describes the exterior
spacetime of a slowly rotating compact object with angular momentum J .
4.4 Even parity perturbations
In this section, we derive the master equation for the even parity modes with l ≥ 2 of the SAdS black
hole of Section 4.1. For completeness, we also exactly solve for the monopole (l = 0) and dipole
(l = 1) components and discuss their modifications due to the scalar hair.
We proceed in the Regge-Wheeler gauge 4, i.e.,
htt = f(r)H0 (t, r)Ylm (θ, ϕ) (4.20)
htr = H1 (t, r)Ylm (θ, ϕ) (4.21)
hrr = H2 (t, r)Ylm (θ, ϕ) /f(r) (4.22)
3There is no odd parity monopole mode (l = 0).
4By looking at Eq. (4.11), it would seem that a natural gauge for the even parity sector is one in which hrr = 0. We
were unable to obtain a master equation in such gauges.
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htA = 0 (4.23)
hrA = 0 (4.24)
hAB = r
2K (t, r) γABYlm (θ, ϕ) . (4.25)
To start, let us restrict our attention to the only place in Eq. (4.11) where modifications enter. In
frequency-domain, i.e., hab ∼ e−iωt, the scalar hair contribution to Eq. (4.11) is given by
“hair" =
q (ω)β2
r2f (r)3/2
(4.26)
where q (ω) is the Fourier transform of
√
2β3I (t). Thus, the rr-component of the Eq. (4.11) becomes
“rr-SAdS"+
q (ω)β2
r2f (r)3/2
= “matter” (4.27)
where “rr-SAdS" and “matter” correspond to terms coming from the Einstein-Hilbert part of the
theory and the matter sector, respectively.
From this point, we can proceed in the same way as in GR by treating the term q (ω) β2/
(
r2f3/2
)
as an artificial matter source. This straightforwardly leads to master equation given by
− ∂2r∗Ψeven +
(
Veven(r)− ω2
)
Ψeven = s˜even (4.28)
where
s˜even = seven +
β2q (ω)
κ
√
f(r)
σr + 3M
(4.29)
and seven is the GR source term:
3κ2rω(3M + rσ)2
seven
8πf
=+ 2it0
(
18κM2 +M
(
3κr(σ − 3)− 6β2r3)
+ r2σ
(
3κ(σ + 1)− β2r2)
)
+ 6κr2ωf(3M + rσ)t1
+ ir
(
18κM2 − 6Mr (κ(σ + 3) + β2r2)− β2r4σ)T1
− 3κr2 (3M + rσ)
(
− rωT2 + 2 (3M + rσ)ωTG
+ i (2∂r∗t0 + r∂r∗T1)
)
.
(4.30)
Note that σ = (l− 1)(l+ 2)/2 has been used in place of l of brevity. The effective potential is given
by
Veven = f
3M2r
(
6κσ + β2r2
)
+ 6κσ2Mr2 + 2κσ2(σ + 1)r3 + 18κM3
κr3 (σr + 3M)2
(4.31)
and the components of the matter sector’s SET are decomposed as
Ttt = fT0(r)Ylm(θ, ϕ)e
−iωt (4.32)
Ttr = T1(r)Ylm(θ, ϕ)e
−iωt (4.33)
Trr = f
−1T2(r)Ylm(θ, ϕ)e
−iωt (4.34)
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TtA = t0(r)∂AYlm(θ, ϕ)e
−iωt (4.35)
TrA = t1(r)∂AYlm(θ, ϕ)e
−iωt (4.36)
TAB = r
2 (TK (r) γABYlm (θ, ϕ) + TG (r)∇A∇BYlm (θ, ϕ)) e−iωt. (4.37)
The main result is that the scalar hair manifests only as an effective source term
β2q (ω)
κ
√
f(r)
σr + 3M
(4.38)
to the master equation for the radiative (l ≥ 2) even parity modes. We suspect several results from
this. First, since the hair of the black hole only enters as an additional source term to the even parity
sector, the odd parity quasinormal spectra of the hairy black hole is expected be indistinguishable
from that of a SAdS black hole in GR. Second, we can expect to see contribution from the scalar hair
to gravitational waveforms, e.g., the modified gravity may have a significant effect to the inspiral and
merger phases of a binary. Furthermore, the effective SET for GWs should be the Isaacson SET in GR
because the scalar modes are nondynamical (and hence nonradiative). The energy flux, proportional
to Ψ2odd +Ψ
2
even, must still be applicable to the analysis of the orbital decay.
For the monopole (l = 0), the vector, ∇AYlm(θ, ϕ), and tensor, ∇A∇BYlm(θ, ϕ), harmonics
vanish as the spherical harmonics Ylm(θ, ϕ) is a constant. In this case, the two (instead of three for
l ≥ 2) gauge degrees of freedom can be used to set H1 = 0 andK = 0. The linearized equations are
exactly solved by
H0 =
c1
rf (r)
+ c2 − β
2q (ω)
κ
∫ r dx
xf (x)3/2
(4.39)
and
H2 =
c1
rf (r)
(4.40)
where c1 and c2 are integration constants. The solution attached to c1 describes a mass shift while
the constant c2 is just a gauge mode [62]. The scalar hair modification to the monopole is therefore
given by
δH0 = −β
2q (ω)
κ
∫ r dx
xf (x)3/2
. (4.41)
In Appendix C we prove that only a restrictive class of monopolar gauge modes can support a pertur-
bation with only a tt-component. The monopolar perturbation given by Eq. (4.41) is therefore not a
gauge mode and must have physical consequences. This asymptotically diverges at the event horizon
as δH0 ∼ (r − rH)−1/2 unless the lower bound of the integral is calibrated to r = rH . On the other
hand, at asymptotic infinity, this monopole modification declines as δH0 ∼ r−3.
For the dipole (l = 1), the tensor ∇A∇BYlm(θ, ϕ) vanishes identically. The three even parity
gauge degrees of freedom can be used to reduce the number of independent perturbation components
from six (instead of seven for l ≥ 2) to three (H0,H1,H2). In the GR limit, these components can
be solved exactly and shown to be just gauge modes describing a center-of-mass shift. The presence
of the hairy source term spoils this interpretation. More concretely, the modification δH0 due to the
scalar hair’s even parity dipole is the solution to
δH ′0 (r)−
δH0 (r)
rf (r)
=
β2q (ω)
κrf (r)3/2
. (4.42)
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As this is only a first-order differential equation, we can express the exact solution as
δH0 =
β2q (ω)
κ
exp
(∫ r dx
xf (x)
)
×
∫ r
dy
exp
(
− ∫ y dz
zf (z)
)
yf (y)3/2
.
(4.43)
As in the monopole term, the dipolar perturbation does not correspond to a gauge mode (see proof in
Appendix C). It diverges at the event horizon due to the inverse powers of f (r) inside the integrals
unless the lower bound of the integral is set to r = rH . At asymptotic infinity, this dipole modification
drops as δH0 ∼ r−3.
5 Master equations for gravitational perturbations of nonrotating stealth black holes
in shift symmetric KGB
In the previous section, we have shown that it is indeed possible to obtain a master equation in closed
form. We now generalize this calculation for the perturbations of all static and spherically symmetric
stealth black holes in shift symmetric KGB. We start by reviewing the constraints on the potentials to
accommodate stealth black holes (Section 5.1) and setup the linearized field equations (Section 5.2).
In Sections 5.3 and 5.4 we present the master equation for odd and even parity sectors.
5.1 Stealth black holes in KGB
Shift symmetric KGB with stealth black holes are described by k-essence and braiding potentials
satisfying the constraints
KX (X0) = 0 (5.1)
GX (X0) = 0 (5.2)
whereX0 is a constant equal to the background scalar field’s kinetic density [30]. For asymptotically
flat spacetimes, e.g., Schwarzschild, the additional constraint
K (X0) = 0 (5.3)
must be imposed further to the k-essence potential. In the following calculation, it is useful to keep
in mind that a covariantly constant kinetic density implies that
φbφab = 0. (5.4)
This identity can be obtained by taking the covariant derivative of X and setting the result to zero,
i.e., ∇aX = ∇a
(−φbφb/2) = −φbφab. Eqs. (5.1), (5.2), (5.3), and (5.4) will play a significant role
in the simplification of the linearized field equations (see last paragraph of Section 3 containing Eqs.
(3.5) and (3.6)).
5.2 Linearized field equations in KGB
The constraints on the potentials given by Eqs. (5.1), (5.2), and (5.3) and Eq. (5.4) drastically
reduce the number of terms present in the linearized field equations. The linear perturbations of the
K-dependent pieces or quadratic sector of the scalar field’s SET (Eq. (A.2)) are given by
−8πδT (φ,K)ab [hcd, ψ] = −
1
2
Khab +
1
2
φaφbψcφ
cKXX − 1
4
hcdφaφbφ
cφdKXX . (5.5)
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On the other hand, the linear perturbations of the G-dependent pieces or cubic sector of the scalar
field’s SET (Eqs. (A.3) and (A.4)) are given by
−8πδT (φ,G)ab [hcd, ψ] = −
1
2
φaφbψcφ
c
✷φGXX +
1
4
hcdφaφbφ
cφd✷φGXX . (5.6)
The potentials KXX and GXX are understandably constants owing to the covariantly constant back-
ground kinetic density [30]. The noteworthy observation above is that all of the nonvanishing terms in
the perturbation of the scalar field’s SET have the generic structure φaφbF (x) = δ
r
aδ
r
bφ
′2F (x)where
F (x) is a scalar function. We therefore find that the scalar hair correction to the Einstein equation
only enters the through the rr-component. This a general result that is valid for the linear perturba-
tions of all static and spherically symmetric stealth black holes in shift symmetric KGB. Moreover,
this is the key to unlocking the master equation for the gravitational perturbations in stealth, nonro-
tating, black holes in shift symmetric KGB (Section 5.4).
We can also verify that the scalar field does not propagate on a hyperbolic cone by calculating
its field equation. The linear perturbations of the K-dependent pieces (Eq. (A.5)) of the scalar field
equation are given by
δS(K) [hcd, ψ] =− ψaφa✷φKXX − φaψbaφbKXX
+
1
2
habφ
aφb✷φKXX +
1
2
φaφbφc∇chabKXX .
(5.7)
The G- and ψ-dependent pieces (Eq. (A.6)) of the scalar field equation are given by
δS(G) [ψ] = + ψaφ
a∇b✷φφbGXX + ψaφa (✷φ)2GXX
+ φaψbaφ
b
✷φGXX − ψaφaφb✷φbGXX − ψaφaφcbφcbGXX
(5.8)
and the G- and hab-dependent pieces (Eq. (A.7)) of the scalar field equation are given by
δS(G) [hcd] =− 1
2
hbcφ
aφbφc (∇a✷φ)GXX − 1
2
habφ
aφb (✷φ)2GXX
− 1
2
φaφbφc✷φ (∇chab)GXX + 1
2
hbcφ
aφbφc (✷φa)GXX
+
1
2
habφ
aφbφdcφ
dcGXX .
(5.9)
By adding the above results (Eqs. (5.7), (5.8), and (5.9)) and performing the contractions, it can
therefore be seen that the scalar field equation takes on the generic structure
a1 (r) ∂
2
rψ + a2 (r) ∂rψ = Q [hcd] (5.10)
where ai are functions of r andQ is a functional in terms of the metric perturbation hcd. Specifically,
a1 comes from the second term in Eq. (5.7) and the third term in Eq. (5.8) while a2 comes from the
rest of the terms in Eqs. (5.7) and (5.8). The functional Q is sourced by all of the terms in Eq. (5.9).
Two noteworthy implications standout from the above result. First is that Eq. (5.10) verifies
that the scalar field does not propagate on a causal cone. This can be viewed from the EFT standpoint
as a breakdown of perturbation theory because of the vanishing of the kinetic term in the second-
order action. The sound speed of the scalar modes can be confirmed to be nonetheless infinite and so
the scalar field responds instantaneously to its source. To prove this, we simply note that the sound
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speed cs of the scalar modes in a static and spherically symmetric background in KGB is given by
[29, 31, 32]
c2s =
2κΞφ′2
(
2r2Γ− Ξ)− 16κ2r4Σ/h
2 (4κr + Ξφ′)2 (P1 − κ)
(5.11)
where
P1 = 2
r2κ2
4rκ+ Ξφ′
d
dr
(
ln
(
f
h
))
+ 4
d
dr
(
κ2r2
4κr + Ξφ′
)
(5.12)
Σ = X
[
KX + 2XKXX − fφ′
(
4
r
+
f ′
f
)
(GX +XGXX )
]
(5.13)
Ξ = −2r2XGX (5.14)
Γ = −4XGX (5.15)
and the line element is parametrized as
ds2 = −h (r) dt2 + dr
2
f (r)
+ r2dΩ2. (5.16)
On a stealth background, h = f ,KX = GX = 0, then Ξ = Γ = 0, Σ 6= 0, and P1 = κ. The vanish-
ing of the denominator of Eq. (5.11) therefore leads to c2s → ∞. Outside of the EFT standpoint this
can be taken to mean that the scalar field’s perturbation is nondynamical and henceforth nonradiative
in nature. The second point regarding Eq. (5.10) is that it is a first-order differential equation for ∂rψ.
Its exact solution ψ [hcd] is given by
∂rψ =exp
(
−
∫ r
dr3
a2 (r3)
a1 (r3)
)
×
[ ∫ r
dr1
Q [hcd]
a1 (r1)
exp
(∫ r1
dr2
a2 (r2)
a1 (r2)
)
+ I (t, θ, ϕ)
]
(5.17)
where I (t, θϕ) is an integration constant. This expresses the scalar field perturbation in closed form
as a functional integral in terms of the metric perturbation. By substituting this exact expression for
∂rψ into the scalar field’s SET, we can therefore expect to write down a linearized Einstein equation
that is an integrodifferential equation in the rr-component. However, we shall see that we do not need
to bother at all with an integrodifferential equation because the integral is equivalent to a drastically
simpler algebraic expression.
5.3 Odd parity perturbations
The results of Section 5.2 shows that the scalar field’s perturbation ψ enters only as an rr-component
correction to the Einstein equation. This correction is a functional of only hrr and therefore does not
associate with the odd parity sector of the gravitational perturbations.
We conclude that for all static and spherically symmetric stealth black holes in shift symmetric
KGB the odd parity sector of the gravitational perturbations is untouched by the scalar hair. It should
be noted, however, that this result can be considered unsurprising at the level of linear perturbations
which prevents the mixing of an even parity object, e.g., ψ, with odd parity terms. The Regge-
Wheeler equation (Eq. (4.13)) is therefore the master equation for the odd parity perturbations. Also,
as in Section 4.3, the odd parity dipole mode corresponds to an angular momentum perturbation, i.e.,
δgtϕ = −2J sin2 θ/r where J is an integration constant [62].
We note that this conclusion has been reached before within the broader class of DHOST the-
ories [31, 33, 34] and from the EFT perspective [36, 60] 5. This paper complements the existing
5From the EFT perspective, the odd parity perturbations will continute to be described by GR provided that there are
no parity violating terms in the EFT action.
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literature by directly obtaining the conclusion directly within shift symmetric KGB and by working
with the field equations instead of the second-order action.
5.4 Even parity perturbations
To obtain the even parity master equation, we begin by writing down the Einstein equation as
κδGab − 1
2
K (X0) hab − δraδrb × δτ [hrr] = 8πδTab [M] (5.18)
where δτ [hrr] is a scalar functional in hrr. The term −Khab/2 in the left hand side of Eq. (5.18)
tunes the cosmological constant and so determines the asympotic behavior of the black hole. But
most importantly, because the correction (third term in the left hand side of Eq. (5.18)) enters only
through the rr-component, the bianchi identity imposes
∇a (δraδrb × δτ [hrr]) = 0 (5.19)
which can be solved to obtain
δτ [hrr] =
q (t, θ, ϕ)
r2f (r)3/2
. (5.20)
This algebraic term which is notably the generalization of Eq. (4.26) is the residue of the scalar
hair entering the Einstein equation. For the radiative modes (l ≥ 2), the master equation can there-
fore be obtained in the Regge-Wheeler gauge by treating the correction as an SET with only an
rr-component. This eventually leads to Eq. (4.28) with the same potential (Eq. (4.31)) but with the
source term
s˜even = seven +
q (ω)
κ
√
f (r)
σr + 3M
(5.21)
where q (t, θ, ϕ) = q (ω)Ylm (θ, ϕ) e
−iωt. This is the main result of the paper: the scalar hair for
all static and spherically symmetric stealth black holes in shift symmetric KGB manifests only as an
additional source term
q (ω)
κ
√
f (r)
σr + 3M
(5.22)
in the even parity master equation (Eq. (4.28)).
To complete the results, we discuss the monopole (l = 0) and dipole (l = 1) perturbations, both
of which can be solved exactly as in Section 4.4. First, for the monopole (l = 0), the perturbation
due to the scalar hair is given by
δH0 = −q (ω)
κ
∫ r dx
xf (x)3/2
. (5.23)
We emphasize that this is not a gauge mode (see Appendix C for proof) and therefore should come
with physical consequences. The divergence at the event horizon can be cured by setting the lower
bound of the integral to r = rH . At asymptotic infinity, this monopole perturbation declines as
δH0 ∼ r−3 for the anti de Sitter case but diverges as (r − rC)−1/2 at the cosmological horizon
r = rC for the de Sitter case. For the Schwarzschild case, the monopolar perturbation modifies the
tt-component of the metric by δgtt ∼ q (ω) (r − rH)1/2 for r → rH and by δgtt ∼ q (ω) ln r for
r → ∞. The divergence at the horizon can be cured by fixing the lower bound of the integral (Eq.
(5.23)) to r = rH ; however, the perturbed Schwarzschild solution logarithmically diverges at infinity.
This exact solution to the monopolar mode of stealth black holes can be interpreted to signal the
breakdown of perturbation theory.
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For the dipole (l = 1), the perturbation due to the scalar hair can be written as
δH0 =
q (ω)
κ
exp
(∫ r dx
xf (x)
)∫ r
dy
exp
(
− ∫ y dz
zf (z)
)
yf (y)3/2
.
(5.24)
This dipolar perturbation is not a gauge mode (see Appendix C for proof) and must come with phys-
ical consequences. The divergence at the event horizon can be cured by fixing the lower bound of
the integral to r = rH . At asymptotic infinity, this dipole modification drops as δH0 ∼ q (ω) r−3
for the anti de Sitter case but diverges as δH0 ∼ q (ω) (r − rC)−1/2 at the cosmological horizon
r = rC for the de Sitter case. For the Schwarzschild case, the dipole perturbation diverges linearly,
δH0 ∼ q (ω) r, at asymptotic infinity. The divergence signals a breakdown of perturbation theory.
6 Discussion and outlook
We have shown that the scalar hair of static and spherically symmetric stealth black holes in shift
symmetric kinetic gravity braiding contributes only a source term to the even parity sector of the
perturbations. The odd parity sector is therefore unmodified and so is the odd parity quasinormal
and power spectrum. We have also obtained analytical expressions for the monopolar and dipolar
perturbations.
It is important to recognize four recent works which have shed light to the issue of strong
coupling of perturbations of stealth black holes in scalar-tensor theories [29, 34, 37, 60]. In Ref. [29],
stealth Schwarzschild solutions were obtained for the first time in KGB and the problem of strong
coupling in the perturbations of stealth black holes was pointed out. In Ref. [34], strong coupling in
nonrotating stealth black holes was shown to persist in the broader context of degenerate higher-order
scalar-tensor theories (DHOST). This puts scalar-tensor theories in a tight spot as an EFT and shows
that strong coupling can be inherent in stealth solutions in scalar-tensor theories. In Ref. [37], the
analysis of perturbations on stealth Kerr black holes in DHOST theories led to the conclusion that
the perturbations are governed by a Teukolsky equation with an effective source term. In Ref. [60], it
was proposed that the strong coupling problem can be resolved by introducing a heavy Ostrogradsky
ghost that would not be triggered or rendered observable for scales below the EFT cutoff. This
lead to theories – dubbed scordatura degenerate theories – which relaxes the degeneracy conditions
previously imposed in DHOST theories to avoid the Ostrogradsky instability.
The results of this paper complement those of Ref. [37] for the nonrotating black hole limit,
but with the particular advantage of having analytical expressions to the monopolar and dipolar per-
turbations from the scalar field. It should also be pointed out that the analysis of Ref. [37] does not
include the braiding sector of the theory. Our work shows that its inclusion makes no difference to
the over-all result: the hair of stealth black holes contributes an effective source to the master equa-
tion for perturbations. For both this paper and Ref. [37], the effective source term originates from
an unconstrained integration constant, i.e., q (ω) in Eq. (5.22) 6. This means for example that the
integration of the master equation (Eq. (4.28)) cannot proceed without a priori selecting an arbitrary
q (ω). In contrast, the analytical solutions to the monopolar and dipolar perturbations are fully deter-
mined. These low-order multipoles diverge unless q (ω) = 0 for l = 0, 1; they are either unphysical
or identical to GR’s monopole and dipole.
6 In Ref. [37], this integration constant is Cm,ω (θ) in Eq. (26), which must be substituted into Eq. (25) and afterwards
to Eq. (14) to construct the source term.
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We have also shown that the scalar modes in stealth, static and spherically symmetric, black
holes in shift symmetric KGB are nondynamical, i.e., scalar modes do not satisfy a hyperbolic equa-
tion and have infinite sound speed. This suggests that the scalar modes are nonradiative and, hence,
that gravitational wave fluxes may be computed using simply the SET for the tensor modes, e.g.,
Isaacson GW SET. Such flux calculations again first require an adequate resolution to the arbitrari-
ness of the integration constant q (ω), though none appears natural to us. The scalar perturbation
is fully determined by the background fields and boundary conditions, and it appears unable to
be a true degree of freedom. A Hamiltonian analysis will fully flesh this out. Nonetheless, this
feature leaves us to speculate broader connections with the cuscuton [66–68] – a k-essence theory(
K (φ,X) = µ2
√
|2X|
)
with infinite sound speed and no propagating excitations in which the ef-
fective metric for the perturbations is singular. This question which could lead to an alternative
interpretation of the strong coupling problem will be investigated in detail in a different paper.
To the best of our knowledge, this is the first time that Regge-Wheeler and Zerilli master equa-
tions for both odd and even parity sectors of hairy black hole perturbations have been reported for a
broad class of theories. It remains unclear whether a similar calculation (or some extension) is fea-
sible in other scalar-tensor theories that support stealth black hole solutions. Non-stealth black hole
perturbations demand more attention despite the technical barriers one expects in their direction. For
stealth black holes, all of the terms with factors of KX , GX and φ
bφab in Eqs. (A.2), (A.3), (A.4),
(A.5), (A.6), and (A.7) vanished. This drastic simplification paved the way for the present analysis,
but cannot be anticipated for nonstealth black holes, even for static and spherically symmetric ones.
We refer the reader to Refs. [69–83] for some of the non-stealth black holes in the literature.
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A Linear perturbations of the Einstein tensor, scalar field SET, and scalar field equa-
tion
In this section, we present explicit functional expressions for the linear perturbations of tensors and
other quantities relevant for the discussion. We start with the well-known expression for the linear
perturbations of the Einstein tensor
2δGab [hcd] = gabh
cdRcd − habR−∇a∇bh+∇c∇ah cb
+∇c∇bh ca −✷hab − gab∇d∇chcd + gab✷h.
(A.1)
To organize the analysis, we break the scalar’s SET intoK- andG-dependent parts. This corresponds
to breaking the analysis into quadratic and cubic sectors of Horndeski theory. The linear perturbations
of the K-dependent pieces or quadratic sector of the scalar’s SET are given by
−32πδT (φ,K)ab [hcd, ψ] =− 2Khab − 2ψaφbKX − 2φaψbKX + 2gabψcφcKX
− gabhcdφcφdKX + 2φaφbψcφcKXX − hcdφaφbφcφdKXX .
(A.2)
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On the other hand, the linear perturbations of the G-dependent pieces or cubic sector of the scalar’s
SET are given by
−32πδT (φ,G)ab [hcd] = + 2hcdφ da φbφcGX + 2hcdφaφ db φcGX + φaφb (∇ch)φcGX
− 2φaφbφc
(
∇dh dc
)
GX + φa (∇bhcd)φcφdGX + (∇ahcd)φbφcφdGX
+ 2gabhdeφ
e
c φ
cφdGX + 2habφ
cφdcφ
dGX − 2hcdφaφbφdcGX
− gabφcφd (∇ehcd)φeGX − 2gabhdeφcφdφecGX
+ hcdφaφbφ
cφd (✷φ)GXX − hdeφacφbφcφdφeGXX
− hdeφaφbcφcφdφeGXX + gabhefφeφdcφdφeφfGXX
(A.3)
and
−16πδT (φ,G)ab [ψ] = + ψaφb (✷φ)GX + φaψb (✷φ)GX + φaφb (✷ψ)GX
− ψacφbφcGX − φacψbφcGX − ψaφbcφcGX
− φaψbcφcGX − φacφbψcGX − φaφbcψcGX
+ gabφ
cψdcφ
dGX + gabφcdφ
cψdGX + gabφ
cφdcψ
dGX
− φaφbψcφc (✷φ)GXX + φadφbψcφcφdGXX
+ φaφbdψcφ
cφdGXX − gabψcφcφdφedφeGXX .
(A.4)
For the scalar field equation, the linear perturbations of its K-dependent pieces are given by
2δS(K) [hcd, ψ] = + 2 (✷ψ)KX + (∇ah)φaKX − 2φa
(
∇bh ba
)
KX
− 2habφbaKX − 2ψaφa (✷φ)KXX + 2hbcφ ca φaφbKXX
− 2φaψbaφbKXX − 2φabφaψbKXX − 2φaφbaψbKXX
+ habφ
aφb (✷φ)KXX + φ
aφb (∇chab)φcKXX + 2hbcφaφbφ caKXX
+ 2ψaφ
aφbφcbφ
cKXXX − hcdφaφbaφbφcφdKXXX .
(A.5)
As for the G-dependent pieces of the scalar field equation, we further break down the terms into hab-
and ψ-dependent pieces for the reason that both expressions combined is exceedingly long. The G-
and ψ-dependent pieces of the scalar field equation is given by
δS(G) [ψ] =− (∇a✷ψ)φaGX − (∇a✷φ)ψaGX − 2 (✷φ) (✷ψ)GX
+ ψa (✷φa)GX + φ
a (✷ψa)GX + 2ψbaφ
baGX
+ ψaφ
a (∇b✷φ)φbGXX + ψaφa (✷φ)2GXX + φaψbaφb (✷φ)GXX
+ φabφ
aψb (✷φ)GXX + φ
aφbaψ
b (✷φ)GXX + φ
aφbaφ
b (✷ψ)GXX
− ψaφaφb (✷φb)GXX − 2φaψbφcbφ caGXX − 2φaφbψcbφ caGXX
− ψaφaφcbφcbGXX − ψaφaφbφcbφc (✷φ)GXXX + ψaφaφbφcφdcφ db GXXX .
(A.6)
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Finally, the G- and hab-dependent pieces of the scalar field equation is given by
2δS(G) [hcd] = + 2hbc
(
∇aφcb
)
φaGX − φ ba φa (∇bh)GX − 2 (∇ah)φa✷φGX
− φa (∇b∇ah)φbGX + 2φa (∇b∇ch ca )φbGX + φa (∇bh)φ baGX
− 2hacφ cb φbaGX + 4φa (✷φ) (∇ch ca )GX + φ ba φa (∇ch cb )GX
− 2φaφ ba (∇ch cb )GX − φaφb (✷hab)− 2habφa
(
✷φb
)
GX
− 2hbcφbaφ caGX + 2hacφa (∇c✷φ)GX + 4hbc (✷φ)φcbGX
+ 2 (∇ahbc)φaφcbGX − 4φa (∇chab)φcbGX − 2hbcφa
(
∇cφ ba
)
GX
− hbc (∇a✷φ)φaφbφcGXX + 4hbdφaφbφ dc φ caGXX
− 2φaφbaφbφc
(
∇dh dc
)
GXX − 2hbcφ ca φaφb✷φGXX
− habφaφb (✷φ)2GXX − φaφb (∇chab)φc (✷φ)GXX
− 2hbcφaφbφ ca (✷φ)GXX + hbcφaφbφc (✷φa)GXX
+ 2φaφbφc (∇dhbc)φ da GXX + 2hcdφaφbφ ca φ db GXX
− 2hcdφaφbaφbφdcGXX + habφaφbφdcφdcGXX + φaφbaφb (∇ch)φcGXX
+ hcdφ
aφbaφ
bφcφd (✷φ)GXXX − hcdφaφbφcφdφebφ ea GXXX .
(A.7)
B Coefficients for the perturbations of a hairy black hole in k-essence
To simplify the linearized field equations on top of the hairy black hole background (Eqs. (4.1), (4.3),
and (4.2)), we can use the following equations which are valid for static and spherically symmetric
background:
φaφbψcφ
c = fφ′3 (∂rψ) δ
r
aδ
r
b (B.1)
hcdφaφbφ
cφd = f2φ′4hrrδ
r
aδ
r
b (B.2)
✷φ = fφ′′ + f ′φ′ +
2f
r
φ′ (B.3)
ψaφ
a
✷φ = fφ′∂rψ
(
fφ′′ + f ′φ′ +
2f
r
φ′
)
(B.4)
φab = φ
′′δraδ
r
b − Γrabφ′ (B.5)
hbcφ
c
a φ
aφb = h rr
(
fφ′
)2 [
φ′′ +
1
2
f ′
f
φ′
]
(B.6)
φaψbaφ
b =
(
fφ′
)2(
∂2rψ +
1
2
f ′
f
∂rψ
)
(B.7)
φabφ
aψb =
(
fφ′
) [
φ′′ +
1
2
f ′
f
φ′
]
f (∂rψ) (B.8)
habφ
aφb✷φ = hrr
(
fφ′
)2(
fφ′′ + f ′φ′ +
2f
r
φ′
)
(B.9)
∇chab = ∂chab − Γdachdb − Γdbchad (B.10)
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φaφbφc∇chab =
(
fφ′
)3(
∂rhrr +
f ′
f
hrr
)
(B.11)
hbcφ
aφbφ ca = h
r
r
(
fφ′
)2 [
φ′′ +
1
2
f ′
f
φ′
]
(B.12)
ψaφ
aφbφcbφ
c = (∂rψ)
(
fφ′
)3(
φ′′ +
1
2
f ′
f
φ′
)
(B.13)
hcdφ
aφbaφ
bφcφd = hrr
(
fφ′
)4(
φ′′ +
1
2
f ′
f
φ′
)
(B.14)
These are the coefficients of the linearized field equations for any static and spherically symmetric
background in k-essence theory. In the hairy black hole of Section 4.1 where
K = β2 (B.15)
KX = 0 (B.16)
KXX = −1/2β2 (B.17)
KXXX = −3/4β4 (B.18)
φa = φ
′δra (B.19)
φa = fφ′δar (B.20)
X = −β2 (B.21)
fφ′2 = 2β2 (B.22)
φ′ = β
√
2
f
(B.23)
φ′′ +
f ′
2f
φ′ = 0 (B.24)
fφ′′ + f ′φ′ +
2f
r
φ′ = φ′
(
f ′
2
+
2f
r
)
(B.25)
it can be shown that the coefficients in the linearized field equations reduce to
φaφbψcφ
c = 2β2φ′ (∂rψ) δ
r
aδ
r
b (B.26)
hcdφaφbφ
cφd = 4β4hrrδ
r
aδ
r
b (B.27)
ψaφ
a
✷φ = 2β2∂rψ
(
f ′
2
+
2f
r
)
(B.28)
hbcφ
c
a φ
aφb = 0 (B.29)
φaψbaφ
b = 2β2f
(
∂2rψ +
1
2
f ′
f
∂rψ
)
(B.30)
φabφ
aψb = 0 (B.31)
habφ
aφb✷φ = 2β2hrrfφ
′
(
f ′
2
+
2f
r
)
(B.32)
φaφbφc∇chab = 2β2f2φ′
(
∂rhrr +
f ′
f
hrr
)
(B.33)
hbcφ
aφbφ ca = 0 (B.34)
ψaφ
aφbφcbφ
c = 0 (B.35)
hcdφ
aφbaφ
bφcφd = 0. (B.36)
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C tt-only-gauge modes
In this section, we show that only a very restrictive class of monopole (l = 0) and even parity-dipole
(l = 1) metric perturbations with only a nonzero tt-component
(
htt = f (r)H0 (r)Ylme
−iωt
)
can be
gauge modes, i.e., tunable away by a gauge transformation, and that this class excludes the monopolar
and dipolar perturbations discovered in Sections 4.4 and 5.4.
C.1 tt-only-monopole-gauge mode
For the monopole, where l = 0 the spherical harmonics Y00 is a constant, the gauge vector ξ
a can be
decomposed as
ξa =
(
M0 (r)Y00e
−iωt,M1 (r)Y00e
−iωt, 0, 0
)
. (C.1)
The (infinitessimal) gauge or coordinate transformation, xa → xa+ ξa, perturbs the metric tensor by
δhab = 2∇(aξb), which has the following independent components:
δhtt = i
(
2ωfM0 + iM1f
′
)
Y00e
−iωt (C.2)
δhtr = − iωM1 + f
2M ′0
f
Y00e
−iωt (C.3)
δhrr =
−M1f ′ + 2fM ′1
f2
Y00e
−ωt (C.4)
δhθθ = 2M1rY00e
−iωt. (C.5)
A perturbation hab is a gauge mode if there exists a gauge vector (M0,M1) for which hab = δhab.
For example, the monopolar perturbation with H0 = H2 = c/rf (r) is a (mass shift) gauge mode as
explicitly investigated by Zerilli in Ref. [62].
We now focus on the tt-only-gauge modes. To solve this problem, we must search for the gauge
vector (M0,M1) for which the resulting metric perturbation δhab has only a nonzero tt-component.
Obviously, from Eq. (C.5), this requires that M1 (r) = 0. Substituting M1 (r) = 0 back into δhab
leaves us with tt- and tr-components which can vanish only if M ′0 (r) = 0 and M0 (r) = 0. The
remaining gauge degree of freedom M0 must therefore vanish. However, the condition htt = δhtt
leads toM0 (r) = −iH0 (r) /2ω. This shows that monopolar tt-only-gauge perturbations must have
a vanishing H0 (r), and this special class excludes the hairy perturbations given by Eqs. (4.41) and
(5.23).
C.2 tt-only-dipole gauge mode
For the even parity dipole, l = 1, we focus on m = 0 for practical calculations noting that all three
dipole modes, m = 0,±1, can be rotated into each other owing to the spherical symmetry of the
background. We warn, however, that even with such simplification this case remains to be more
technically involved compared to the monopolar counterpart discussed previously. Moving on, in
this case, the gauge vector ξa can be decomposed as
ξa =
(
M0 (r)Y10e
−iωt,M1 (r)Y10e
−iωt,M2 (r) (∂θY10) e
−iωt, 0
)
. (C.6)
With this, the gauge transformed metric, δhab = 2∇(aξb), has the following independent components:
δhtt =
1
2
i
√
3
π
cos(θ)e−itω
(
2ωfM0 + iM1f
′
)
(C.7)
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δhtr = −1
2
√
3
π
cos(θ)e−itω
(
f2M ′0 + iωM1
)
f
(C.8)
δhrr =
1
2
√
3
π
cos(θ)e−itω
(2fM ′1 −M1f ′)
f2
(C.9)
δhtθ =
1
2
√
3
π
sin(θ)e−itω
(
fM0 + ir
2ωM2
)
(C.10)
δhtθ = −1
2
√
3
π
sin(θ)e−itω
(
r2fM ′2 +M1
)
f
(C.11)
δhθθ = −
√
3
π
r cos(θ)e−itω(rM2 −M1). (C.12)
Metric perturbations hab which can be accommodated instead by using the above components of
gauge transformed metric perturbation δhab are gauge modes. This includes the center of mass-
dipolar gauge mode discussed in detail by Zerilli [62].
Focusing on tt-only-gauge modes, we search for the gauge vector (M0,M1,M2) for which the
resulting metric perturbation δhab has only a nonzero tt-component which we write down as
htt =
1
2
√
3
π
fH0 cos(θ)e
−itω. (C.13)
In line with this goal, Eq. (C.12) shows that M2 = M1/r, thus, spending our first gauge degree of
freedom. Now, solving forM1 in htt = δhtt we obtain
M1 = −−fH0 + 2iωfM0
f ′
, (C.14)
leaving us with one remaining gauge degree of freedom in M0. We spend this by making the tθ-
component of δhab vanish and obtain
M0 = − irωH0
2rω2 − f ′ . (C.15)
At this point, we have the desired form of the tt-component already, but this still comes with the
remaining nonzero tr-, rr-, and rθ-components which can be written as
H ′0 =
H0
(
r
(
2ω2 − ff ′′)+ (f − 1)f ′)
rf (2rω2 − f ′) , (C.16)
H ′0 =
H0
(
f
(
4ω2 − 2f ′′)+ f ′ (f ′ − 2rω2))
2f (2rω2 − f ′) , (C.17)
and
H ′0 = −
H0
(
(rf ′ + 1)
(
2rω2 − f ′)+ f (r (f ′′ − 4ω2)+ f ′))
rf (2rω2 − f ′) , (C.18)
respectively. The common solution H0 to the three equations shown above describes the class of
tt-only even-parity dipolar gauge modes. However, by equating H ′0 from any of the above equations
into the other two, one would find that a necessary condition for a solution of all three equations is
given by rf ′ − 2f + 2 = 0. This restricts the form of the metric function to f = 1 + cr2, where
c is an integration constant, for which nontrivial tt-only even-parity dipolar gauge modes can be
– 20 –
found. Even though this is a subset of the Schwarzschild-(A)dS family of f(r), the missing “mass"
term, −2M/r, shows that in general the remaining differential equations cannot be simultaneously
satisfied. Hence, the tt-only-perturbation for the stealth Schwarzschild-(anti) de Sitter black holes in
KGB given by Eqs. (4.43) and (5.24) cannot be gauged away, in general.
In the uninteresting case of M = 0, with f = 1 − (Λr2/3) and Λ = −λ/2κ, Eqs. (C.16),
(C.17), and (C.18) reduce to the same equation given by H ′0 = 6κH0/
(
6rκ+ r3λ
)
. The exact
solution to this is given byH0 = cr/
√
6κ+ λr2 where c is an integration constant.
We end by specializing the above discussion for the Schwarzschild case. Substituting f =
1− 2M/r into Eqs. (C.16), (C.17), and (C.18) and solving for H0 lead to
H0 = c
(r − 2M) (M − r3ω2)
r3
, (C.19)
H0 = c
M − r3ω2
r3/2
√
r − 2M , (C.20)
and
H0 = c
M − r3ω2
(r − 2M)2 , (C.21)
respectively. The above solutions can be equal only in the trivial case c = 0, unless M = 0. In
the context of Section 5.4, the desired H0 is given by Eq. (5.24) which in the Schwarzschild case
becomes equal to H0 = r
3/2q (ω) /
(
3Mκ
√
r − 2M). This clearly cannot be a gauge mode.
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